There is an unfortunate conflict of terminology in the theory of algebraic groups in characteristic p: unlike in characteristic zero, the representations of a semisimple group need not be semisimple. Thanks to Chevalley [15] , over any algebraically closed field we can associate to each dominant weight µ a representation V µ satisfying Weyl's character formula, but it is no longer, in general, irreducible. Springer [13] has shown that in one sense representation theory for large p stabilizes to the usual characteristic zero theory: for a fixed root system, a fixed dominant weight µ, and p 0, V µ is irreducible. Unfortunately, there exist representations of low dimension which are not of the form V µ , no matter how large p is taken. A typical example is the absolute Frobenius representation of SL (2):
§0. Introduction
There is an unfortunate conflict of terminology in the theory of algebraic groups in characteristic p: unlike in characteristic zero, the representations of a semisimple group need not be semisimple. Thanks to Chevalley [15] , over any algebraically closed field we can associate to each dominant weight µ a representation V µ satisfying Weyl's character formula, but it is no longer, in general, irreducible. Springer [13] has shown that in one sense representation theory for large p stabilizes to the usual characteristic zero theory: for a fixed root system, a fixed dominant weight µ, and p 0, V µ is irreducible. Unfortunately, there exist representations of low dimension which are not of the form V µ , no matter how large p is taken. A typical example is the absolute Frobenius representation of SL (2):
Therefore, we cannot expect, even when p is large and the dimension is small, that representations can be lifted to characteristic zero. The purpose of this paper is to prove that the low dimensional representations of semisimple groups nevertheless behave well, in the following sense:
Theorem (3.5) If G denotes a connected semisimple algebraic group defined over a perfect field k of characteristic p ≥ 3n 2 , then every n-dimensional representation of G is semisimple.
Given an indecomposable representation V of G of sufficiently low dimension, we show that at the level of Lie algebra representations, V is M µ -isotypic, for some µ. We compare V and M µ ⊕ · · · ⊕ M µ as representations of formal groups. The conclusion is that
where N (p) denotes the composition of a representation G → GL(N ) with the Frobenius map F . Thus we can proceed by induction. The paper concludes with two applications: one to the problem of lifting representations from characteristic p to characteristic zero, and one to the question of uniqueness of Levi decompositions of linear algebraic groups in characteristic p.
So far as I am aware, Theorem (3.5) is the first result guaranteeing semisimplicity for p large compared to n. However, I have recently learned that Jantzen [12] has succeeded in sharpening the above result, replacing the inequality p ≥ 3n 2 by the best possible inequality, p ≥ n.
I would like to thank T. Chinburg, I. Grojnowski, and J. Humphreys for their useful comments during the preparation of this paper. I would also like to thank R. Steinberg for suggesting a number of improvements to an earlier version of this paper. §1.
Restricted Weight Modules
In this section k denotes an algebraically closed field of characteristic p and G a connected, simply connected, simple algebraic group over k.
(1.1) The following facts are standard (see, e.g., [3] §1): Every group G contains a maximal torus T ∼ = G r m , which is unique up to inner automorphism in G. Every representation of G determines a formal character χ ∈ Z[X(T )], where X(T ) ∼ = Z r denotes the group of rational characters of T . In particular, the character of the adjoint representation determines a reduced irreducible root system Φ. Conversely, any such Φ determines a connected, simply connected simple group G/k up to isomorphism. 
Moreover, for every dominant weight µ there exists an irreducible representation M µ with highest weight d = µ, unique up to isomorphism. We write X(µ) for the set of weights appearing with non-zero multiplicity in M µ . It is easily seen to be invariant under the Weyl group W of G ([10] §2.1.) (1.3) Let λ i denote the fundamental weights and
the set of dominant weights of G. We say a weight µ ∈ X + is restricted if 0 ≤ m i < p for all i. A representation is restricted if it is of the form M µ for a restricted weight µ. Every element of X + has a unique p-adic expansion
where all µ i are restricted. Of course µ i = 0 for i 0. By [14] , 
where m is a non-zero vector in the µ weight space of the restricted representation M µ , and the roots α ∈ Φ − in the product are taken in any fixed order. Thus M µ is a cyclic u − -module.
(1.5) Let Φ denote a root system and Φ ∨ its dual root system. Throughout this paper, ω ∨ denotes the highest root of Φ ∨ , and ω ∈ Φ the dual root of ω ∨ . Note that ω is not necessarily the highest root of Φ. We write µ, ω for the inner product of µ and ω ∨ .
Lemma (1.6) If µ ∈ X + is a non-zero restricted weight, then
Proof. By classification,
Suppose that
and write X + and X − for the corresponding partition of X(µ). The span of the weight spaces associated to λ ∈ X + is a proper u − -submodule of M λ containing the µ weight space, so X − is empty. By ( * ), therefore, the gaps between consecutive elements of S can be no larger than M . Since µ and s ω µ are in X(µ) and µ, ω − s ω µ, ω = 2 µ, ω , the lemma follows.
(1.7) The affine Weyl group W a of G is generated by a set of reflections. We consider the affine chambers, that is, the connected components of the complement of the union of the reflecting hyperplanes. The closure of any chamber is a fundamental domain for W a . Let δ denote the half sum of the positive roots and consider the affine tranformation x → px − δ. The image of a chamber under this transformation is called an alcove. There is a unique chamber C in the positive Weyl chamber such that 0 ∈C. We call its image the lowest alcove. By [5] VI §2 Prop. 5,
where ω ∨ is the highest root in the dual root system Φ ∨ of Φ. If a dominant weight µ satisfies µ + δ, ω < p, we say that M µ is a minimal representation. In other words, M µ is minimal if and only if µ lies in the lowest alcove. 
Proposition (1.10) Let f denote the order of the fundamental group of Φ and h the Coxeter number of G. If M µ and M ν are restricted irreducible representations such that
Proof. The linkage principle implies that two distinct minimal representations cannot be linked. Moreover, an indecomposable representation with a unique irreducible subquotient is automatically irreducible because Ext
II 2.12). Therefore, it suffices to prove that the composition factors of
, so it is enough to prove that µ + ν lies in the lowest alcove.
If dim(M µ ) = 1 then M µ must be trivial since G is simple and connected. In this case the proposition is trivial. Likewise, we may assume dim(M ν ) > 1. By (1.6),
where the dual root ω ∨ is the highest root of Φ ∨ . By (1.9.1),
The condition ξ + δ, ω < p implies that ξ lies in the lowest alcove. The proposition follows.
Corollary (1.11) If V and W are semisimple representations such that
Proof. Without loss of generality, we may assume that V and W are irreducible. Expanding by (1.3.1), we have
is a direct sum of representations M p i µ , where µ is restricted. As tensor product distributes over direct sum, V ⊗ W is a direct sum of irreducible representations.
Proof. We write µ = µ 0 + pν. The space
is trivial as a g-representation.
Thus as g-module,
is an extension of g-modules. Let m ∈ M µ denote a vector in the µ-eigenspace of M µ , and let v ∈ V denote an element of π −1 (m). Let W = gv denote the g-submodule of W generated by v. Recall that gv = u − v. The action of u ∈ u − maps any T -eigenspace to a direct sum of eigenspaces associated to strictly lower weights, so
Proof. If V is irreducible, the theorem follows from Lemma (1.12). More generally, if subquotients M µ and M ν of V , always satisfy µ − ν ∈ pX(T ), the proposition follows from Lemma (1.13). We may therefore assume that V contains at least two distinct subquotients M µ and M ν such that µ − ν ∈ pX(T ). Thus µ 0 = ν 0 . Now 
Proof. By (1.2.1), χ, ω ≤ µ, ω for all χ ∈ X(µ). As the reflection s ω through the hyperplane perpendicular to ω lies in W ,
By Lemma (1.6),
By the W -stability of X(µ), without loss of generality, we may assume that χ 1 − χ 2 lies in the dominant Weyl chamber. Thus χ 1 − χ 2 , ω > 0. Therefore χ 1 − χ 2 , ω is not divisible by p. The lemma follows. §2. Formal Groups
In this section k denotes a perfect field of characteristic p, and G and H are smooth algebraic groups over k. We write k n for the ring of power series in n variable over k. As k is perfect, k
(2.1) Let G = Spec(A) be a smooth algebraic group of dimension n. Then the formal completion of the local ring of G at the identity is k n ( [7] II §5). The multiplication law on G endows k n with the structure of Hopf algebra. The images of x 1 , . . . , x n under the comultiplication map
are power series which we denote α 1 (y 1 , . . . , y n ; z 1 , . . . , z n ), . . . , α n (y 1 , . . . , y n ; z 1 , . . . , z n ),
The n-tuple α = (α 1 , . . . , α n ) is called the formal group law. We can read off the first order behavior of α from the fact that (0, 0, . . . , 0) is the coidentity for the comultiplication:
where [2] denotes the ideal of terms of order 2 or more.
(2.2)
Let H denote a second smooth algebraic group, with formal group law β = (β 1 , . . . , β m ). A homomorphism φ : G → H corresponds to a homomorphism of formal groups
where as usual, for 1 ≤ k ≤ m, y 1 , . . . , y n ; z 1 , . . . , z n ), . . . , α n (y 1 , . . . , y n ; z 1 , . . . , z n )) = β k (Φ 1 (y 1 , . . . , y n ), . . . , Φ m (y 1 , . . . , y n ); Φ 1 (z 1 , . . . , z n ), . . . , Φ n (z 1 , . . . , z n )).
The first order terms of Φ describe φ * as a homomorphism of Zariski tangent spaces, i.e., as a homomorphism of Lie algebras.
(2.3)
In the same way, we obtain power series analogues for other constructions in group theory. The inverse map ι : H → H gives rise to m power series in m variables I = (I 1 , . . . , I m ) compatible with α in the usual way. In particular, this compatibility implies
The conjugation map κ : H × H → H mapping (y, z) → yzy −1 is given by K = (K 1 , . . . , K m ), where K m are power series in y j and z j . Substituting 0 first for y and then for z, we discover that (2.3.1)
Given homomorphisms φ : G → H and ψ : G → H, the ratio δ(x) = ψ(x)ι(φ(x)) defines a 1-cocycle in non-abelian group cohomology. It is represented at the level of formal groups by ∆ = (∆ 1 (x 1 , . . . , x n ) , . . . , ∆ m (x 1 , . . . , x n )).
If φ and ψ are isomorphic as Lie algebra homomorphisms g → h, then
In formal group terms, the cocycle formula
. . , y n ; z 1 , . . . , z n ), . . . , α n (y 1 , . . . , y n ; z 1 , . . . , z n )) = β k (∆ 1 (y 1 , . . . , y n ), ∆ 2 (y 1 , . . . , y n ), . . . , ∆ m (y 1 , . . . , y n ); (2.3.4)
Lemma (2.4) If A ∈ k n has no linear terms and
Proof. Differentiating with respect to y i ,
where
. Substituting z i = −y i for all i, we deduce that A i is constant and hence zero for all i. As k is perfect, A ∈ k p n . Proposition (2.5) If φ and ψ are homomorphisms from G to H which give rise to the same homomorphism of Lie algebras, and ∆ is defined as in (2.3), then there exists Γ = (Γ 1 , . . . , Γ m ) such that
Proof. Consider the statement that for all i ≤ m, there exists Γ i such that
This is true for N = 0 by (2.3.3). Then
where E i is a homogeneous polynomial of degree N + 1. Note that if A 1 and A 2 are power series congruent to p th powers (mod [N + 1]) and A 1 (0, . . . , 0) = A 2 (0, . . . , 0) = 0, then A 1 A 2 is congruent to a p th power (mod [N + 2]). In particular, for all i, j, the product ∆ i ∆ j is a p th power (mod [N + 2]). Our first order information on α (2.1.1) implies
In the same way, (2.3.1) and (2.3.2) imply that (mod [N + 2]),
Therefore, the first order behavior of β (2.1.1) implies that the right hand side of (2.3.4) is congruent (mod [N + 2]) to a p th power plus
It follows that,
for some polynomial B. By Lemma (2.4), (mod [N +2]), E k is a p th power. The proposition holds by induction on N .
Proposition (2.6) If G and H are smooth affine algebraic groups, φ and ψ are homomorphisms G → H which induce the same homomorphism g → h, and δ : G → H is defined by δ(g) = ψ(g)φ(g) −1 , then there exists a morphism : G → H such that δ = •F , where F denotes the absolute Frobenius morphism.
Proof. Let G = Spec(A), H = Spec(B). Let A e (resp. B e ) denote the local ring of A (resp. B) at the identity, andÂ (resp.B) the formal completion. The morphisms φ and ψ induce Hopf algebra morphisms B → A. The morphism δ is given by a ring homomorphism d : B → A. The formal completion of d is a mapd which by Prop. (2.5) satisfiesd(b) ∈Â p for allb ∈B. By [9] IV 7.8.3 (ii), (iii), A is excellent. In particular, the completion morphism Spec(Â) → Spec(A) is geometrically regular, hence geometrically reduced. Therefore, if K denotes the field of fractions of A, for every finite field extension
As G is smooth, A is regular and hence normal, so A itself contains a (unique) p th root e(b) of d(b). Clearly e is a ring homomorphism, and d = F •e. Defining as the corresponding morphism G → H, we obtain the proposition. §3. The Main Theorem
In this section G will denote a connected semisimple linear algebraic group defined over a perfect field k. We write g p for the absolute Frobenius applied to g ∈ G(k).
(3.1) letk denote an algebraic closure of k. By [6] 69.9, a k-representation of G is semisimple if and only if the correspondingk-representation is so. Therefore, we may and do assume, in proving our main result Theorem (3.5) below, that k is algebraically closed. Since every representation of G gives rise to a representation of its universal cover, we may further assume that G is simply connected.
Lemma (3.2) Let φ : G → GL(n) denote a representation of G such that any two weights of φ which are congruent to one another (mod p) are equal. If there exist morphisms of varieties f 1 and f 2 from G to GL(n), such that morphically,
then f 1 = f 2 , and f 1 (g) commutes with φ(g) for all g ∈ G(k).
Proof. Let T denote any maximal torus of G. Now G acts on the vector space M n of n × n matrices via φ. Restricting to T , the identity
implies that f 1 (t p ) lies in the direct sum of the T -eigenspaces of M n with characters divisible by p. The weights of M n are differences χ 1 − χ 2 of weights of φ. Therefore, f 1 (t p ) (and hence f 1 (t)) lies in the T -invariant subspace of M n . In other words, f 1 (t) commutes with φ(t) for all t ∈ T . As k is algebraically closed, its semisimple elements are Zariski dense, so the lemma follows.
Corollary (3.3) Suppose φ and ψ are n dimensional representations of G such that any two weights of φ which are congruent to one another (mod p) are equal. If
for some morphism of varieties : G → GL(n), then is a homomorphism of algebraic groups and (G) commutes with φ(G).
Proof. As φ and ψ are representations,
We conclude that f g ,2 (g) = (g p ) −1 commutes with φ(g) for all g and g . It follows that (G) and φ(G) commute. The condition f g ,1 = f g ,2 implies that is a group homomorphism.
Proposition (3.4) Let k be any perfect field and G a connected simple algebraic group with Coxeter number h whose root system has fundamental group of order f . Every representation V of G of dimension less than or equal to p f − h is semisimple. Proof. Without loss of generality, we may assume V indecomposable. By Prop. (1.14), V is infinitesimally isotypic. Let W denote the trivial representation and M µ the restricted representation such that V is infinitesimally isomorphic to M µ ⊗ W . If W is of dimension 1, then V must be irreducible and the theorem holds. We therefore assume dim(W ) > 1. Let ψ and φ denote the homomorphisms G → GL(n) corresponding to the representations V and M µ ⊗ W respectively. By Prop. (2.6), there exists a morphism of varieties : Theorem (3.5) If G denotes a connected semisimple algebraic group defined over a perfect field k of characteristic p ≥ 3n 2 , then every n-dimensional representation V of G is semisimple.
Proof. First suppose that G is simple. If V is 1-dimensional, the theorem is trivial. We may therefore assume that V is faithful. Thus,
On the other hand, by classification,
Therefore, V is semisimple. Now we treat the general case. We may assume without loss of generality that G is simply connected, so we may write
where the W j are distinct irreducible G 1 -modules. As elements of G 1 and G 1 commute, G 1 preserves this decomposition and acts moreover only on the k n j factor. If it acts semisimply, then the action of G on W j ⊗ k n j is semisimple. By induction on the number of factors k, V is always semisimple. §4. Chevalley Schemes In this section G will always denote a connected simple algebraic group over the prime field F p . For simplicity, we will discuss only non-twisted universal Chevalley schemes, so G must be assumed simply connected and split.
(4.1) By a universal Chevalley scheme G over a ring R, we mean a smooth group scheme G → Spec(R) such that G ⊗ R k is a connected, simply connected, split, simple algebraic group over k for every field k and every ring homomorphism R → k. For every reduced irreducible root system Φ there exists a unique universal Chevalley scheme G over Z p for which the fibres have root system Φ ([8] XXIII 5.2, XXV 1.2).
(4.2) Fix G/F p . Let G denote the universal Chevalley scheme associated to the root system of G. The special fibre of G is a connected, simply connected, split, simple algebraic group over k with the same root system as G; it must therefore be isomorphic to G. Let Q p denote an algebraic closure of Q p , η the natural homomorphism from Z p to Q p , and G η the geometric fibre G⊗ Z p Q p . The category of G η -representations is semisimple, and the simple objects are indexed by dominant weights µ of G. For each representation V there exists a representation (not necessarily unique)
We say a representation of G lifts to characteristic zero if there exists a representation V from which it is obtained by specialization to F p .
(4.3) Every representation of the algebraic group G defines a (modular) representation of the group of F p -points of G. We say that two representations of G are pointwise equivalent if they are isomorphic as representations of the abstract Chevalley group G(F p ). For example, V is pointwise equivalent to V (p) for every representation V . Therefore, M µ is pointwise equivalent to M µ 0 ⊗ M µ 1 ⊗ · · ·.
Proposition (4.4) If p ≥ 3n
2 , every n-dimensional representation V of a connected, simply connected, split, simple algebraic group G/F p is pointwise equivalent to a representation which lifts to characteristic zero.
Proof. By Th. (3.5), V is a direct sum of irreducible representations, so without loss of generality we may assume V irreducible. Therefore, V = M µ for some µ, and V is pointwise equivalent to (4.4.1)
Suppose all but one of these factors is trivial. Then without loss of generality we may assume µ is restricted. By Lemma (1.6), µ, ω < n < p − h < p − δ, ω , so µ is in the lowest alcove. By [11] II 2.14, the constituents M ν of V µ must be linked to M µ . Moreover ν µ. By the linkage principle, ν = µ, so M µ is the reduction of V µ . If more than one µ i is non-zero, then by Prop. (1.10), the product (4.4.1) is a direct sum of minimal representations. The proposition follows. §5. Levi decompositions (5.1) Let G denote any reduced, geometrically connected linear algebraic group over a perfect field k. Let N denote the unipotent radical of G. Then M = G/N is reductive. It is well known that if k is of characteristic zero, G admits a Levi decomposition, i.e., a section of the quotient homomorphism G → M . Moreover, this section is unique up to conjugation by any element of N (k). It is also known [4] 0.8, 3.15 that neither existence nor uniqueness holds in general if k is of characteristic p > 0.
Proposition (5.2) If G is a connected reductive algebraic group over a perfect field k of characteristic p ≥ 3n 2 , then every n-dimensional representation V of G is semisimple.
Proof. By [6] 69.9, we may assume without loss of generality that k is algebraically closed. Then G is the almost direct product of its derived group G ⊂ G and its radical T ⊂ G ([4] 2.2). The restriction of V to T is a direct sum of one dimensional representations ([4] 1.3), so we may decompose V as a direct sum over χ ∈ X * (T ) of representations W χ on which T acts by χ. As G and T commute, G respects this decomposition. By Th. (3.5), G acts semisimply on W χ . As T acts on each direct summand of W χ by scalars, every G -subspace of W χ is invariant by G = G T . Hence, W χ is a direct sum of irreducible G-modules.
